Generalizing in another direction
For our second result, we relax the time-mixing condition to the ellipticity condition (see Section 2), which allows velocity modes of small wave numbers to have long correlation time but we compensate the lack of time decorrelation with decorrelation in space by assuming a stationary vector potential for velocity. THEOREM B. Let b(t, x) be a bounded velocity field with a bounded, stationary Markovian vector potential and satisfy the ellipticity condition (L2) (Section 2). Then x,(t) converge in law, as 8 . 0, to a Brownian motion with the effective diffusivity D(K) > 0 for any K > 0 and (3) holds.
In proving Theorem B, we adopt the approach of Kipnis and Varadhan (1986) who established the central limit theorem for additive functionals of reversible, ergodic Markov processes.
The key object in our problem is the environment process viewed from the particle which is irreversible. Because of irreversibility of the process we cannot apply the argument of Kipnis and Vardhan. To overcome this problem, we construct a family of "asymptotic correctors" which converges in the norm generated by the symmetric part of the Dirichlet form associated with the environment process. To control the antisymmetric part of the process requires the boundedness of the velocity and the stream matrix. With that, using a perturbation argument, we then show that the crucial elements of Kipnis and Varadhan's approach remain valid in this case.
Theorems A and B are independent of dimension and, to a certain degree, tight, except the boundedness assumption in Theorem B for technical reasons [Fannjiang and Komorowski (1998) ]. These two theorems are stated precisely as Theorems 1 and 2 below.
Formulation and results.
Let (X, X, PO) be a probability space. Let Tx, x E Rd be a stochastically continuous, jointly measurable group of measure preserving transformations of Xwith the following properties. = E fDkfDkgdPo, f, g E Ho(g).
k=1
Here Ho(t) is a pre-Hilbert space and can be completed under the scalar product (f, g)Rt(,). Denote that completion by Ho(g).
Let Q be the space of X-valued continuous functions C([O, +oo); X) and let e be its Borel a-algebra. Let pI, t > 0, be a strongly continuous Markov semigroup on L2(X) with the following properties. Here E. is the expectation associated with the probability measures P., e<t are the a-algebras generated by events measurable up to time t, and Ot(w)(.) :(. + t), t > 0 is the standard shift operator on the path space (Q, 72 and let E be the corresponding expectation.
As a direct consequence of (T3) and (P2), P is stationary. That is, Particularly interesting is the power-law spectral measure with r(k) = ik128, F(k) = 1/lk12a+d-2 with ultraviolet cutoff kkl < K < oo. The integrability of F requires ae < 1 and the spectral gap condition (LI) now becomes /3 < 0.
The boundedness requirement in (B2) already rules this class of velocity fields out of the scope of Theorem 2. Strictly speaking, to apply Theorem 2, we need to make smooth truncation on the velocity and its stream matrix. However, this is only due to the limitation of current techniques. The essential part of (B2) is the existence of a stationary stream matrix which requires IR >F(k) dk < oc or, equivalently, ae < 0. The ellipticity condition (L2), which is weaker than (LI), is satisfied for /3 < 1. We believe that Theorem 2 holds for the above Ornstein-Uhlenbeck velocity with ae < 0 and /3 < 1. Suppose that T = [TP j] is a stream matrix whose entries belong to C2(X). Then P(t, x; w) = P(Tx(X(t; w))) defines a random field which is Markovian.
EXAMPLE 2 (Diffusion-driven random fields). Suppose that T,, x E Rd satisfies the assumptions (T1)-(T5)
We can easily check that this field generates a canonical Markov process on (fQ, (-t)t>o) which satisfies the assumptions of Theorem 2.
Preliminaries.
Consider the environment process as viewed from the particle at any instant of time -r: [0, +oo) x Q x Xgiven by (ii) St, t > 0 is measure-preserving, that is,
Stf dPo = f dPo, t > 0, f E L2(9).
Set (13) D, = 9(L) n C2(X).
Denote the generator of the semigroup St, t > 0 by /, PROOF. We only sketch the proof of (iii). Equation (16) 
